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TRANSPORTATION OF A BVP INCLUDING GENERALIZED CAUCHY-

RIEMANN EQUATION TO FREDHOLM INTEGRAL EQUATION

J. EBADPOUR GOLANBAR1, N. ALIEV2, M. JAHANSHAHI1

Abstract. In this paper, a boundary value problem including generalized nonhomogenious

Cauchy-Riemann equation with general nonlocal boundary conditions in a bounded planer re-

gion with Lyapunov line boundary is investigated. First, some states called compatibility con-

ditions are obtained by making use of the generalized solution of Cauchy-Riemann equation.

Then, the second kind of Fredholm integral equation for boundary values of the unknown of the

main problem is resulted by applying and giving boundary condition. Finally, the singularities

in integral kernels are removed or reduced to weak singularities by making use of the proposed

method in this paper.
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1. Introduction

Elliptic equations have a fundamental role in the theory of boundary value problems. The most

important of these equations are Laplace equation, biharmonic, Helmholtz equation, Cauchy-

Riemann equation and others. [8, 13, 21]. According to applications of elliptic equations in

physics and engineering, many mathematicians and scientists have investigated and solved these

problems via analytical and numerical classical methods, see [14, 17, 21]. The second and

third authors studied Poisson equation, Cauchy-Riemann equation and Navier-Stokes system of

equations with local and non-local boundary conditions, respectively in [2, 3, 9]. The proposed

method is based on reducing the given boundary value problem to the second kind of Fredholm

boundary integral equations and removing singularities in the kernel of integral expressions

[4, 6, 10, 15, 19]. In this paper, we consider the generalized nonhomogenous elliptic Cauchy-

Riemann equation:

ℓu ≡ ∂u(X)

∂x2
+ i

∂u(X)

∂x1
+ a(X)u(X) = f(X)

X = (x1, x2) ∈ D ⊂ R2, (
√
−1 = i), (1)

with general non-local boundary condition

ℓ1u ≡ α1(x1)u (x1, γ1(x1)) + α2(x1)u (x1, γ2(x1)) = α(x1), x1 ∈ [a1, b1], (2)
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Figure 1.

where ∂D = Γ = Γ1∪Γ2 which Γk : x2 = γk(x1), k = 1, 2 and γ1(a1) = γ2(a1), γ1(b1) = γ2(b1) as

show in Figure 1. [a1, b1] = proj|Γ1 = proj|Γ2. And the functions a(X) and f(X) are contin-

uous functions on D , α(x1), αi(x1), i = 1, 2 are known and continuous functions on the interval

[a1, b1]. The rest of this article will be presented as follows. In the second section, by using the

generalized (fundamental) solution of Cauchy-Riemann equation and by applying Ostrogradsky

formula and also by using Delta-Dirac function and its properties, the compatibility conditions

are obtained. Also, in this section by making use of the resulted compatibility conditions and

given boundary conditions, we obtain integral expressions for the boundary values of unknown

u(x1, x2) which they have singularities. The third section is devoted to the regularization. In

this section, singularities in kernels of integral expressions are removed or reduced to weak singu-

larities. In the final section, main results will be given, especially, the given BVP is transformed

to the second kind Fredholm boundary integral equations.

Remark 1.1. Accorading to Fredholm theory, when the given BVP under hypothesis on data

of problem reduces to a second kind Fredholm integral equation, we can state the existence and

uniqueness of solution of BVP based on Fredholm alternative theorems due to parameter λ [13].

Remark 1.2. The boundary conditions (2) is in case of general linear nonlocal boundary con-

dition. By suitable select of coefficients αi(x1), i = 1, 2 we can get Dirichlet classical boundary

condition.

2. Compatibility conditions

For getting compatibility conditions (or necessary conditions), first consider the fundamental

solution of the Cauchy-Riemann equation
∂u(X)

∂x2
+ i

∂u(X)

∂x1
= 0. [20]:

U(X − ξ) =
1

2π
· 1

(x2 − ξ2) + i(x1 − ξ1)
. (3)

If this solution is multiplied to both side of equation (1) and integrated over the domain D, then

we have:

(ℓu, U) ≡
∫
D

[
∂u(X)

∂x2
+ i

∂u(X)

∂x1
+ a(X)u(X)

]
U(X − ξ)]dX

=

∫
D

f(X)U(X − ξ)dX.
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After that by using Ostrogradsky formula and Green second theorem we have:∫
Γ

u(X)U(X − ξ)
[
cos(ν, x2) + i cos(ν, x1)

]
dX

−
∫
D

u(X)

[
∂U(X − ξ)

∂x2
+ i

∂U(X − ξ)

∂x1

]
dX

+

∫
D

a(X)u(X)U(X − ξ)dX

=

∫
D

f(X)U(X − ξ)dX. (4)

Consider the following properties of Delta-Dirac function:∫
D

u(X)δ(X − ξ)dX =

{
u(ξ); ξ ∈ D,
1

2
u(ξ); ξ ∈ Γ = ∂D,

X = (x1, x2), ξ = (ξ1, ξ2),

and according to the definition of fundamental solution we have:

∂U(X − ξ)

∂x2
+ i

∂U(X − ξ)

∂x1
= δ(X − ξ),

where U(X−ξ) is fundamental solution of Cauchy-Riemann equation. By using these properties

we have from ∫
Γ

u(X)U(X − ξ)
[
cos(ν, x2) + i cos(ν, x1)

]
dX

+

∫
D

a(X)u(X)U(X − ξ)dX −
∫
D

f(X)U(X − ξ)dX

=

∫
D

u(X)

[
∂U(X − ξ)

∂x2
+ i

∂U(X − ξ)

∂x1

]
dX

=

∫
D

u(X)δ(X − ξ)dX

=

{
u(ξ); ξ ∈ D,
1

2
u(ξ); ξ ∈ Γ.

(5)

Note that the vector ν is outnormal vector to the boundary Γ. Now, regarding the second case

of (5), we have the following relation

1

2
u(ξ) =

∫
Γ

u(X)U(X − ξ)
[
cos(ν, x2) + i cos(ν, x1)

]
dX

+

∫
D

a(X)u(X)U(X − ξ)dX −
∫
D

f(X)U(X − ξ)dX, ξ ∈ Γ, (6)

and by considering the two parts of Γ = Γ1 ∪ Γ2 we have the following relations for Γ1,Γ2

respectively as shown in Figure 2 and Figure 3:
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Figure 2.

Figure 3.

1

2
u(ξ1, γ1(ξ1)) =

b1∫
a1

u(x1, γ1(x1))U(x1 − ξ1, γ1(x1)− γ1(ξ1)) ·
− cos(x1, τ1) + i sin(x1, τ1)

cos(x1, τ1)
dx1

+

b1∫
a1

u(x1, γ2(x1))U(x1 − ξ1, γ2(x1)− γ1(ξ1)) ·
cos(x1, τ2)− i sin(x1, τ2)

cos(x1, τ2)
dx1

+

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ1(ξ1))dX −
∫
D

f(X)U(x1 − ξ1, x2 − γ1(ξ1))dX.

Where τ1, τ2 are the tangent vectors to the boundary Γ1, Γ2, respectively. The above fractions

in integrands can be written in the next form by using following relation:

γ′i(x1) = tan(x1, τi) =
sin(x1, τi)

cos(x1, τi)
, i = 1, 2,
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and

1

2
u(ξ1, γ1(ξ1)) = −

b1∫
a1

u(x1, γ1(x1))U(x1 − ξ1, γ1(x1)− γ1(ξ1)) · (1− iγ′1(x1))dx1

+

b1∫
a1

u(x1, γ2(x1))U(x1 − ξ1, γ2(x1)− γ1(ξ1))(1− iγ′2(x1))dx1

+

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ1(ξ1))dX

−
∫
D

f(X)U(x1 − ξ1, x2 − γ1(ξ1))dX. (7)

Similarly, we have

1

2
u(ξ1, γ2(ξ1)) = −

b1∫
a1

u(x1, γ1(x1))U(x1 − ξ1, γ1(x1)− γ2(ξ1)) · (1− iγ′1(x1))dx1

+

b1∫
a1

u(x1, γ2(x1))U(x1 − ξ1, γ2(x1)− γ2(ξ1))(1− iγ′2(x1))dx1

+

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ2(ξ1))dX

−
∫
D

f(X)U(x1 − ξ1, x2 − γ2(ξ1))dX. (8)

Relations (7) and (8) are called compatibility conditions for equation (1).

3. Regularization

There are singularities in the expression of the fundamental solution. Hence we consider

singularities only in the first term of (7) and the second term of (8). Other terms in these

relations have no singularities. For more illumination these singularities, the first term of the

relation (7) and the second term of the (8) are rewritten as follows:

(first term of 7) = −
b1∫

a1

u(x1, γ1(x1))U(x1 − ξ1, γ1(x1)− γ1(ξ1))(1− iγ′1(x1))dx1

= −
b1∫

a1

u(x1, γ1(x1)) ·
1

2π

1− iγ′1(x1)

γ1(x1)− γ1(ξ1) + i(x1 − ξ1)
dx1

= − 1

2π

b1∫
a1

u(x1, γ1(x1)) ·
1− iγ′1(x1)

γ′1(σ1(x1, ξ1))(x1 − ξ1) + i(x1 − ξ1)
dx1

= − 1

2π

b1∫
a1

u(x1, γ1(x1))

x1 − ξ1
· 1− iγ′1(x1)

γ′1(σ1) + i
dx1. (9)
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Hence, we consider singularities only in the first term of (7) and the second term of (8). Note

that in the relation (9) the mean value theorem for derivative has been used [18], that is:

γ1(x1)− γ1(ξ1) = (x1 − ξ1)γ
′
1(σ1(x1, ξ1)), x1 < σ1 < ξ1.

Now in the kernel of the last term of (9), if the imaginary i =
√
−1 is added and subtracted,

then we have:

− 1

2π

b1∫
a1

u(x1, γ1(x1))

x1 − ξ1

(
1− iγ′1(x1)

γ′1(σ1) + i
+ i− i

)
dx1 =

i

2π

b1∫
a1

u(x1, γ1(x1))

x1 − ξ1
dx1

+
i

2π

b1∫
a1

u(x1, γ1(x1))

γ′1(σ1) + i
· γ

′
1(x1)− γ′1(σ1)

x1 − ξ1
dx1. (10)

Now, we suppose the curves γ1, γ2 satisfy in Hölder continuity, that is:

|γ′1(x1)− γ′1(σ1)| ≤ c|x1 − σ1|r, 0 < r < 1, c = constant. (11)

By applying inequality (11) in the relation (10), the singularity is converted to a weak singularity.

Similarly, if the same process is applied for the second term of (8), we get:

(second term of 8) =

b1∫
a1

u(x1, γ2(x1))U(x1 − ξ1, γ2(x1)− γ2(ξ1))
(
1− iγ′2(x1)

)
dx1

= − i

2π

b1∫
a1

u(x1, γ2(x1))

x1 − ξ1
dx1

− i

2π

b1∫
a1

u(x1, γ2(x1))

γ′2(σ2) + i
· γ

′
2(x1)− γ′2(σ2)

x1 − ξ1
dx1. (12)

By considering Hölder continuity for the curve γ2, the singularity in the denominator (12) is

removed as same as operations mentioned above about the first term of (7). Now, the relations

(10) and (12) are replaced in the (7) and (8) respectively, we have:

1

2
u(ξ1, γ1(ξ1)) =

i

2π

b1∫
a1

u(x1, γ1(x1))

x1 − ξ1
dx1 +

i

2π

b1∫
a1

u(x1, γ1(x1))

γ′1(σ1) + i
· γ

′
1(x1)− γ′1(σ1)

x1 − ξ1
dx1

+

b1∫
a1

u(x1, γ2(x1))U(x1 − ξ1, γ2(x1)− γ1(ξ1))(1− iγ′2(x1))dx1

+

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ1(ξ1))dX −
∫
D

f(X)U(x1 − ξ1, x2 − γ1(ξ1))dX, (13)
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and

1

2
u(ξ1, γ2(ξ1)) = − i

2π

b1∫
a1

u(x1, γ2(x1))

x1 − ξ1
dx1 −

i

2π

b1∫
a1

u(x1, γ2(x1))

γ′2(σ2) + i
· γ

′
2(x1)− γ′2(σ2)

x1 − ξ1
dx1

−
b1∫

a1

u(x1, γ1(x1))U(x1 − ξ1, γ1(x1)− γ2(ξ1))(1− iγ′1(x1))dx1

+

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ2(ξ1))dX −
∫
D

f(X)U(x1 − ξ1, x2 − γ2(ξ1))dX. (14)

We see that there are singularities only in the terms of
b1∫
a1

u(x1, γ1(x1))

x1 − ξ1
dx1 and

b1∫
a1

u(x1, γ2(x1))

x1 − ξ1
dx1.

For removing their singularities, we construct the following combination. For this, the relations

(13) and (14) are multiplied by α1(ξ1) and −α2(ξ1) respectively, we have:

1

2
α1(ξ1)u(ξ1, γ1(ξ1))−

1

2
α2(ξ1)u(ξ1, γ2(ξ1))

=
i

2π

b1∫
a1

α1(ξ1)u(x1, γ1(x1))

x1 − ξ1
dx1

+
i

2π

b1∫
a1

α1(ξ1)u(x1, γ1(x1))

γ′1(σ1) + i
· γ

′
1(x1)− γ′1(σ1)

x1 − ξ1
dx1,

+ α1(ξ1)

b1∫
a1

u(x1, γ2(x1))U(x1 − ξ1, γ2(x1)− γ1(ξ1))(1− iγ′2(x1))dx1

+ α1(ξ1)

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ1(ξ1))dX

− α1(ξ1)

∫
D

f(X)U(x1 − ξ1, x2 − γ1(ξ1))dX

+ α2(ξ1)

b1∫
a1

u(x1, γ1(x1))U(x1 − ξ1, γ1(x1)− γ2(ξ1))(1− iγ′1(x1))dx1

+
i

2π

b1∫
a1

α2(ξ1)u(x1, γ2(x1))

x1 − ξ1
dx1

+
i

2π

b1∫
a1

α2(ξ1)u(x1, γ2(x1))

γ′2(σ2) + i
· γ

′
2(x1)− γ′2(σ2)

x1 − ξ1
dx1

− α2(ξ1)

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ2(ξ1))dX

+ α2(ξ1)

∫
D

f(X)U(x1 − ξ1, x2 − γ2(ξ1))dX. (15)
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Now for removing the singularities, in the first and seventh terms of (15),
b1∫
a1

α1(ξ1)u(x1, γ1(x1))

x1 − ξ1
dx1

and
b1∫
a1

α2(ξ1)u(x1, γ2(x1))

x1 − ξ1
dx1 the functions α1(x1) and α2(x1) are added and subtracted in their

numerators respectively. Therefor the relation (15) reduces to the new form:

α1(ξ1)u(ξ1, γ1(ξ1))− α2(ξ1)u(ξ1, γ2(ξ1))

=
i

π

b1∫
a1

α1(ξ1)− α1(x1)

x1 − ξ1
u(x1, γ1(x1))dx1

+
i

π

b1∫
a1

α2(ξ1)− α2(x1)

x1 − ξ1
u(x1, γ2(x1))dx1

− i

π

b1∫
a1

ln|x1 − ξ1|α′(x1)dx1

+
i

π

b1∫
a1

α1(ξ1)u(x1, γ1(x1))

γ′1(σ1) + i
· γ

′
1(x1)− γ′1(σ1)

x1 − ξ1
dx1

+2α1(ξ1)

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ1(ξ1))dX

−2α1(ξ1)

∫
D

f(X)U(x1 − ξ1, x2 − γ1(ξ1))dX+

+2α1(ξ1)

b1∫
a1

u(x1, γ2(x1))U(x1 − ξ1, γ2(x1)− γ1(ξ1))(1− iγ′2(x1))dx1

+2α2(ξ1)

b1∫
a1

u(x1, γ1(x1))U(x1 − ξ1, γ1(x1)− γ2(ξ1))(1− iγ′1(x1))dx1

+
i

π

b1∫
a1

α2(ξ1)u(x1, γ2(x1))

γ′2(σ2) + i
· γ

′
2(x1)− γ′2(σ2)

x1 − ξ1
dx1

−2α2(ξ1)

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ2(ξ1))dX

+2α2(ξ1)

∫
D

f(X)U(x1 − ξ1, x2 − γ2(ξ1))dX.

Remark 3.1. Note that the logarithmic term of the above relation (16) is given following cal-

culations:
b1∫

a1

α1(x1)u(x1, γ1(x1)) + α2(x1)u(x1, γ2(x1))

x1 − ξ1
dx1
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=

b1∫
a1

α(x1)

x1 − ξ1
dx1 =

b1∫
a1

α(x1)d (ln |x1 − ξ1|)

= α(x1) ln |x1 − ξ1|
∣∣∣b1
x1=a1

−
b1∫

a1

ln |x1 − ξ1|α′(x1)dx1

= α(b1) ln |b1 − ξ1| − α(a1) ln |a1 − ξ1| −
b1∫

a1

ln |x1 − ξ1|α′(x1)dx1.

Supposing α(b1) = α(a1) = 0, and α(x1) ∈ C(1)(a1, b1), we imply the following result:

b1∫
a1

α1(x1)u(x1, γ1(x1)) + α2(x1)u(x1, γ2(x1))

x1 − ξ1
dx1 =

b1∫
a1

α(x1)

x1 − ξ1
dx1 = −

b1∫
a1

ln |x1 − ξ1|α′(x1)dx1. (16)

Note that to obtain the above results, the boundary condition (2) has been used. Now, we

consider the relation (16) with boundary condition (2) together as an algebraic system as follows:
α1(ξ1)u(ξ1, γ1(ξ1)) + α2(ξ1)u(ξ1, γ2(ξ1)) = α(ξ1),

α1(ξ1)u(ξ1, γ1(ξ1))− α2(ξ1)u(ξ1, γ2(ξ1)) = − i

π

b1∫
a1

ln|x1 − ξ1|α′(x1)dx1 +A(ξ1),
(17)

where

A(ξ1) =
i

π

b1∫
a1

α1(ξ1)− α1(x1)

x1 − ξ1
u(x1, γ1(x1))dx1 +

i

π

b1∫
a1

α2(ξ1)− α2(x1)

x1 − ξ1
u(x1, γ2(x1))dx1

+
i

π

b1∫
a1

α1(ξ1)u(x1, γ1(x1))

γ′1(σ1) + i
· γ

′
1(x1)− γ′1(σ1)

x1 − ξ1
dx1

+2α1(ξ1)

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ2(ξ1))dX

−2α1(ξ1)

∫
D

f(X)U(x1 − ξ1, x2 − γ1(ξ1))dX+

+2α1(ξ1)

b1∫
a1

u(x1, γ2(x1))U(x1 − ξ1, γ2(x1)− γ1(ξ1))(1− iγ′2(x1))dx1

+2α2(ξ1)

b1∫
a1

u(x1, γ1(x1))U(x1 − ξ1, γ1(x1)− γ2(ξ1))(1− iγ′1(x1))dx1

+
i

π

b1∫
a1

α2(ξ1)u(x1, γ2(x1))

γ′2(σ2) + i
· γ

′
2(x1)− γ′2(σ2)

x1 − ξ1
dx1
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−2α2(ξ1)

∫
D

a(X)u(X)U(x1 − ξ1, x2 − γ2(ξ1))dX

p+ 2α2(ξ1)

∫
D

f(X)U(x1 − ξ1, x2 − γ2(ξ1))dX.

By solving this algebraic system, the following relations for boundary values of unknown function

u(ξ1, γ1(ξ1)) and u(ξ1, γ2(ξ1)) are obtained:
u(ξ1, γ1(ξ1)) =

α(ξ1)

2α1(ξ1)
+

1

2α1(ξ1)

(
− i

π

b1∫
a1

ln|x1 − ξ1|α′(x1)dx1 +A(ξ1)
)
,

u(ξ1, γ2(ξ1)) =
α(ξ1)

2α2(ξ1)
− 1

2α2(ξ1)

(
− i

π

b1∫
a1

ln|x1 − ξ1|α′(x1)dx1 +A(ξ1)
)
.

The relations (17) are as a aystem of second Fredholm integral equations with regularized

(with weak singularity) kernels for boundary values of main unknown function. For simplicity,

we can rewrite the relations (17) in the compact form:
u(ξ1, γ1(ξ1)) =

b1∫
a1

[H11(ξ1, η1)u(η1, γ1(η1)) +H12(ξ1, η1)u(η1, γ2(η1))]dη1 + f1(ξ1),

u(ξ1, γ2(ξ1)) =

b1∫
a1

[H21(ξ1, η1)u(η1, γ1(η1)) +H22(ξ1, η1)u(η1, γ2(η1))]dη1 + f2(ξ1),

(18)

where H11,H12 ,H21 and H22 are the kernels of integral terms over the interval [a1, b1] and f1(ξ1),

f2(ξ2) are given as follws:

f1(ξ1) =
α(ξ1)

2α1(ξ1)
− i

2π

b1∫
a1

ln|x1 − ξ1|α′(x1)

α1(ξ1)
dx1

−
∫
D

f(X)U(x1 − ξ1, x2 − γ1(ξ1))dX

−α2(ξ1)

α1(ξ1)

∫
D

f(X)U(x1 − ξ1, x2 − γ2(ξ1))dX,

and

f2(ξ1) =
α(ξ1)

2α2(ξ1)
+

i

2π

b1∫
a1

ln|x1 − ξ1|α′(x1)

α2(ξ1)
dx1

+

∫
D

f(X)U(x1 − ξ1, x2 − γ2(ξ1))dX

−α1(ξ1)

α2(ξ1)

∫
D

f(X)U(x1 − ξ1, x2 − γ1(ξ1))dX.

Remark 3.2. If we use the following changes is variables:

u(ξ1) =

(
u(ξ1, γ1(ξ1)

u(ξ1, γ2(ξ1)

)
,H(ξ1, η1) =

(
H11 H12

H21 H22

)
, F (ξ1) =

(
f1(ξ1)

f2(ξ1)

)
,
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then we can rewrite relation (18) in matrix form:

u(ξ1) = F (ξ1) +

b1∫
a1

H(ξ1, η1)u(η1)dη1.

By considering calculations and relations in Section 2, we result the following Theorem 1.1.

and by considering the regularization in section 3, Remark 3.1 and solving the algebraic system

(17) with Remark 3.2 we result the following Theorem 2.

4. Main results

Theorem 4.1. In the boundary value problem (1)-(2), suppose D ⊂ R2 is a bounded domain

with Lyapunov boundary line, that is:

∂D = Γ = Γ1 ∪ Γ2, x2 = γk(x1) k = 1, 2

also αi(x1); i = 1, 2 and α(x1) are Hölder functions and α(a1) = α(b1) = 0. Then every solution

of boundary value problem (1)-(2) satisfies in regularized relations (18).

Theorem 4.2. Under the hypothesis of Theorem ??, the boundary values of an unknown func-

tion u(ξ1, ξ2) of BVP (1)-(2) satisfy in the second kind Fredholm boundary integral equation:

u(ξ1) = F (ξ1) +

b1∫
a1

H(ξ1, η1)u(η1)dη1,

and its solution can be written as

u(ξ1) = F (ξ1) +

b1∫
a1

R(ξ1, η1)F (η1)dη1,

where R(ξ1, η1) is a resolvent kernel of Fredholm integral equation and H(ξ1, η1) is a regularized

kernel [19].

5. Conclusion

There are many different methods and several approaches to solving boundary value problems.

However, solving these problems are usually tricky. This article presents a new approach for

solving BVPs. According to this method, the given BVP to the second kind regularized Fredholm

boundary integral equations were reduced. In other words, for boundary values of unknown

function, a boundary integral equation which their kernels had no singularities were obtained.

By using these boundary values of unknown function and substituting them in the first case of

relation(5), an analytic solution for the given BVP (1)-(2)was obtained.
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