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TRANSPORTATION OF A BVP INCLUDING GENERALIZED CAUCHY-
RIEMANN EQUATION TO FREDHOLM INTEGRAL EQUATION

J. EBADPOUR GOLANBAR!, N. ALIEV?, M. JAHANSHAHT!

ABSTRACT. In this paper, a boundary value problem including generalized nonhomogenious
Cauchy-Riemann equation with general nonlocal boundary conditions in a bounded planer re-
gion with Lyapunov line boundary is investigated. First, some states called compatibility con-
ditions are obtained by making use of the generalized solution of Cauchy-Riemann equation.
Then, the second kind of Fredholm integral equation for boundary values of the unknown of the
main problem is resulted by applying and giving boundary condition. Finally, the singularities
in integral kernels are removed or reduced to weak singularities by making use of the proposed
method in this paper.
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1. INTRODUCTION

Elliptic equations have a fundamental role in the theory of boundary value problems. The most
important of these equations are Laplace equation, biharmonic, Helmholtz equation, Cauchy-
Riemann equation and others. [8, 13, 21]. According to applications of elliptic equations in
physics and engineering, many mathematicians and scientists have investigated and solved these
problems via analytical and numerical classical methods, see [14, 17, 21]. The second and
third authors studied Poisson equation, Cauchy-Riemann equation and Navier-Stokes system of
equations with local and non-local boundary conditions, respectively in [2, 3, 9]. The proposed
method is based on reducing the given boundary value problem to the second kind of Fredholm
boundary integral equations and removing singularities in the kernel of integral expressions
[4, 6, 10, 15, 19]. In this paper, we consider the generalized nonhomogenous elliptic Cauchy-
Riemann equation:

_ Ju(X) +Z,8u(X)
o 8:02 81’1
X = (z1,29) € D C R?, (V-1 =1), (1)

tu +a(X)u(X) = f(X)

with general non-local boundary condition

bu = aq(m1)u (1, 71(21)) + e(z1)u (z1,92(21)) = az1), T € [a1, b1, (2)
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where 8D =I'= Pl UFQ which Fk X2 = ’yk(xl), k= 1, 2 and 71((11) = 72((11), ’yl(bl) = 72([)1) as
show in Figure 1. [a1,b1] = proj|I'1 = proj|I's. And the functions a(X) and f(X) are contin-
uous functions on D , a(z1), (1), i = 1,2 are known and continuous functions on the interval
[a1,b1]. The rest of this article will be presented as follows. In the second section, by using the
generalized (fundamental) solution of Cauchy-Riemann equation and by applying Ostrogradsky
formula and also by using Delta-Dirac function and its properties, the compatibility conditions
are obtained. Also, in this section by making use of the resulted compatibility conditions and
given boundary conditions, we obtain integral expressions for the boundary values of unknown
u(z1, z9) which they have singularities. The third section is devoted to the regularization. In
this section, singularities in kernels of integral expressions are removed or reduced to weak singu-
larities. In the final section, main results will be given, especially, the given BVP is transformed
to the second kind Fredholm boundary integral equations.

Remark 1.1. Accorading to Fredholm theory, when the given BVP under hypothesis on data
of problem reduces to a second kind Fredholm integral equation, we can state the exristence and
uniqueness of solution of BVP based on Fredholm alternative theorems due to parameter X [13].

Remark 1.2. The boundary conditions (2) is in case of general linear nonlocal boundary con-
dition. By suitable select of coefficients c;(x1), i = 1,2 we can get Dirichlet classical boundary
condition.

2. COMPATIBILITY CONDITIONS

For getting compatibility conditions (or necessary conditions), first consider the fundamental
solution of the Cauchy-Riemann equation
ou(X) . ou(X)
+1 = 0. [20]:
aJIQ 81’1 [ ]

1 1
UX—-¢)=—- ; . 3
X=0=5 (w2 — &) +i(z1 — &) ®
If this solution is multiplied to both side of equation (1) and integrated over the domain D, then
we have:

(bu,U) = /[agif)—i-iaggjf)+a(X)u(X) U(X —€)]dX

D
~ [ 1x0uex - gax.
D
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After that by using Ostrogradsky formula and Green second theorem we have:

/u(X)U(X — &) [ cos(v, z2) + i cos(v, z1)]dX

D/u [aUX 0, QU011
4 D/ a(X _£)dx

— [ se0vx - gax. (4)
D

Consider the following properties of Delta-Dirac function:

(X — VX — u(§); e D,
Z“”( T =0 Loy cer—ap,

2
X = (z1,22), &= (&1,&),

and according to the definition of fundamental solution we have:
oUX—¢)  oUX—¢) _
8952 85131

where U(X —¢) is fundamental solution of Cauchy-Riemann equation. By using these properties

6(X =),

we have from

/u(X)U(X — &) [ cos(v, x2) + i cos(v, z1)]|dX
r

+/a(X)( W (X —€)dX — /f U(X — 6)dX

u

{GUX 6, 8U(X—§)

o ax

f
:Zu £)dX

B 1{(5); §eD, )
a 5“(5); §el.

Note that the vector v is outnormal vector to the boundary I'. Now, regarding the second case
of (5), we have the following relation

%u(f) = /u(X)U(X — &) [ cos(v, x2) + i cos(v, z1)]dX
r
+ / (X )u(X)U (X — £)dX — / FXUX — €)dX, €T, (6)
D D

and by considering the two parts of I' = I'y U T's we have the following relations for I'y,I's
respectively as shown in Figure 2 and Figure 3:
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X2
'S Xy
Ty
/ I:dxy = dxcos(xq,71)
b dx,
| —> xXq == dx_ccs(xl,rl)
| I o cos(v,x3) = —cos(xq,Tq)
X4, cos(v,x1) = sin(xq,71)
ay by
Figure 2.
X2
N
IL:dx; = dxcos(xy, T2)
= dx = cos((ixxitz)
cos(v,x5) = cos(xq,T2)
cos(v,x,) = —sin(x;, 72)
—=> Xy
Figure 3.
1
5“(51771(51)) =
7 (21, m) +isin(zy, 71)
—cos(x1, ) + isin(xq, 71
y U - ) - ’ d
[ uar @)U - &) - @) P 3
ai
7 (1, 72) — i sin(zy, )
cos(x1, ) — isin(xy, T
’ U - S - : d
+/U(:L"1 Y2(21))U (21 — &1, 72(21) — 71(&1)) cos(z1,7) 2l
ai
+ [ alXOuX V(o1 = 2 = €)X ~ [ FOOU(1 1.2 = a(6r)ax.
D D

Where 71, 7o are the tangent vectors to the boundary I'y, I's, respectively. The above fractions
in integrands can be written in the next form by using following relation:

{ i N sin(z1,7;) 19
Vz(x].) D(SU]_,T»L) COS(ZL'17TZ‘)7 4 )=
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and
b1

%U(&,%(&)) = —/U(wlﬁl(ifl))U(fUl — & m(en) —7(&)) - (1 —ivy(z1))da

ax
b1

" / w(an, 12(w))U (1 — €1, 92(1) — 1 (€D) (L — iny (1)) ey

al

—|—/a(X)u(X)U(961 — &1, 2 — m(6))dX

D
- / FXO)U (21 — €1, 29 — 71 (€1))dX. (7
D

Similarly, we have
b1

%U(&,’Yz(fl)) = —/U(wla%(!fl))U(fUl — &) —72(&)) - (1 —iyy (1)) da

ax
b1

" / w(arn, 12(w))U (1 — €1, 92(1) — 72(€0) (1 — iy (1)) ey

al

—|—/a(X)u(X)U(961 — &1, 22 — 72(61))dX

D
- / FXOU (1 — &1, 02 — 72(61))dX. (8)
D
Relations (7) and (8) are called compatibility conditions for equation (1).

3. REGULARIZATION

There are singularities in the expression of the fundamental solution. Hence we consider
singularities only in the first term of (7) and the second term of (8). Other terms in these
relations have no singularities. For more illumination these singularities, the first term of the
relation (7) and the second term of the (8) are rewritten as follows:

by
(first term of 7) = — /u(m,'yl(m))U(ml — &) — (&)1 =iy (@1))da

_ o — 7\
B /u(m1,71(x1)) 2w y1(z1) — 71(&1) +i(wy — &)dml

by
1 ' 1 — i (21)
= g ) e

b1
_ U ful@m(e) 1—ivi(a)
27 r1— &1 V(o) +i o ®)

al
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Hence, we consider singularities only in the first term of (7) and the second term of (8). Note
that in the relation (9) the mean value theorem for derivative has been used [18], that is:

Y(z1) = 7(&1) = (21 — &)nlor(z,6)), 21 <o <&

Now in the kernel of the last term of (9), if the imaginary ¢ = /—1 is added and subtracted,
then we have:

b1 bl
1/“(331a’71(9€1)) <1 /—Wi(fﬁl.) +z’i> Az, = - U(xl,%(m))dm
27 1 —& Yi(o) +i 27 1 —&
al al
. bl / /
Lt U(fl/?h%@l?) (1) ’71(0'1)d$1 (10)
2m Y1(o1) +i r1 — &1
a1
Now, we suppose the curves 1, y2 satisfy in Holder continuity, that is:
Vi (x1) — 1 (01)] < c|zy — 1], 0<r<l, ¢ = constant. (11)

By applying inequality (11) in the relation (10), the singularity is converted to a weak singularity.
Similarly, if the same process is applied for the second term of (8), we get:

by
(second term of 8) = /u(mh’m(m))U(a:l—§1,72(a:1)—72(51))(1_175(951))61951
4 Fatormiend
_ _v [ urL i)
= o xl—fl dl‘l
by
b [ule,e(e)) 1a(@) = vs(02)
) i om—a (12)

By considering Holder continuity for the curve 7o, the singularity in the denominator (12) is
removed as same as operations mentioned above about the first term of (7). Now, the relations
(10) and (12) are replaced in the (7) and (8) respectively, we have:

b1 b1
1 i u(x,y(z1)) K u(z1,v1(x1)) _ Y1(z1) —71(01)
5“(51,71(51)) = 5. /931 . dxy + 5 T p—- dxy
by
+ / w(r, (@ U (1 — &1, 72(e) — (€)1 — v (an))day

+/G(X)U(X)U(=’I?1 — &1, 29 —71(61))dX — /f(X)U(xl —&1,w2 —71(61))dX,  (13)
D

D



36 TWMS J. PURE APPL. MATH., V.11, N.1, 2020

and
by b1
1 _ b fulzyye()) o @ fulznye(n)) va(z) — (o) o
5 ul&n12(81)) = 27ra r1— &1 dzy 27ra vy(o2) +1i r1— & .
b1
- [ uler @)U~ 6m(e) = ()1~ () dar
+/Q(X)U(X)U($1 — &1, w2 — 72(61))dX — /f(X)U(xl — &1, 22 — 72(61))dX. (14)
D

b1
We see that there are singularities only in the terms of f W@, (1) dxy and M

o T1—&1 o  T1—&

For removing their singularities, we construct the following combination. For thls7 the relations
(13) and (14) are multiplied by a1(&1) and —ay (&) respectively, we have:

%al(&) (&,m(&)) - 10‘2(51) (€1,72(&1))

dﬂ?l.

b1
_ i fa(&@)ul@r, 7i(z))
"5/ —g
b

i [ a@ule, () Aia) — (o)
+27r/ Yi(o) +i r1—& d

al

1,
b1

+ 041(51)/”(901,72($1))U(931 — &1, 72(21) — 71(60)) (1 — i (z1))day

al

+ a1(§1)/“(X)U(X>U(x1 = &2 = m(&))dX
D

— a1(§1)/f(X)U($1 — &1, w2 — m1(61))dX

+ 0@(&)/“(%17%(%1))[](% — &, (1) = 72(60)) (1 = iyq (21))dy

ai
. b1
L a2(§1)u(331,’72(961))d$1
27 r1 — &1
al
. b / /
L 042(51)/16(931,72'(901)) Ya(z1) — Vz(ffz)dxl
277 Ya(o2) +1 1 =&
ay

_ OZQ(fl)/ (X)uw(X)U(x1 — &1, 22 — 72(&1))dX

D
+ a2(&1) /f x1 — &1, 2 — 72(&1))dX. (15)
D
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by
Now for removing the singularities, in the first and seventh terms of (15), [ ca(Eulen, niz) dxq

al T _51

dz the functions a1 (z1) and ag(x;) are added and subtracted in their

andf Fag(61)u (fﬂ_lgﬂfb‘l))

numerators respectively. Therefor the relation (15) reduces to the new form:

a1 (&)u(ér, (&) — aa(&)u(ér,72(&1))

by
_ ;/al(fl) __Ogll(xl)U@l,Vl(CUl))dﬂ?l
b1
+7Zr/ az(&1) —_Zf(fl)u(m,w@l))dwl
. b1
—;/lnlfm — &1l (x1)dxy
by
L xb’Vl(ﬂCl)) i) =il
71'/ 'yl 01 r1—& i
+201 (&1) /a 1 — &, 20 —11(&))dX

201 (61) / FOOU (01 — €1, 20 — 71(€1))dX +
D

by

204 (61) / w(wr (@)U (@ — €1,7a(21) — (€))L — inh(a1))das

ai

by

+2a2(&1) /U(%‘l,’Yl(xl))U(xl — &, (21) = 72(60)) (1 = iy (21))day

al

by
Z/ f61,72(l‘1)) alz) — Vé(Uz)dxl
7r 72 02) 1 — &
—2a5(£1) /a — &1, — 72(&1))dX
D

+200(61) / FOU (@1 - €1, 20 — 2(61))dX
D

Remark 3.1. Note that the logarithmic term of the above relation (16) is given following cal-

culations:
by

/al(xl)u(xla')’l(xl)) +042($1)U($17’Y2($1))d$1
&

al
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b1 bl

_ 04(1'1) — olx niriy —
_/xl_&dxl_a/ (@1)d (n|a1 — &)

b1

—/ln\a:l — & ld/ (z1)dry

ai

by
= a(z1)In|z, — &

r1=a1

by
=a(by)In|by — &| — alar) In]a; — &| — /ln\xl — & |d/ (z1)dw.
al

Supposing a(by) = a(a1) =0, and a(z1) € CV (a1, b1), we imply the following result:

7a1(x1)u<x1’%(xl)) +a2(x1)“(xla’>’2($1))d$ —
1 — &
b1 b1
/:colé(flg)l a1 = /ln |21 = &1lo (@1)day. (16)

Note that to obtain the above results, the boundary condition (2) has been used. Now, we
consider the relation (16) with boundary condition (2) together as an algebraic system as follows:

a1(§1)u(81,71(61)) + a2(1)u(ér,72(61)) = a(é),

by

an(€u(Er, (@) — ax(Eu(@r @) = —= [ ke — @l @dn + @), 17
where
b1 b
Alg) = [y + £ [ 220 i,
by
i [aa(§)u(z, () (@) —7i(o)
7T/ Yilon) +i 1 — &1 i

204 (61) / a(X)u(X)U (21 — €1, 25 — 12(61))dX
D

—201(&1) | f(X)U(21 — &1, 22 — 71(61))dX +

D
by
+2a1(&1) /u(:vl,’yg(xl))U(xl — &1 v2(21) — (&) (1 — i) da
azl
+205(61) [ uer ()1 — &7 (1) = (€)1~ 0o
b1
i [ ag(§)u(z,72(21) 9(w1) — 15(09)
+; / V(o) + 4 . r1— & e

al
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“2as(£1) /a(X)u(X)U(xl — &1, 02 — 72(&1))dX
D

p+2a2(§1)/f(X)U(l’1 — &1, 0 — 72(61))dX.
D

By solving this algebraic system, the following relations for boundary values of unknown function
w(&1,71(&1)) and u(&1,72(&1)) are obtained:

o i b
u(é, (1)) = 20652)1) + 2a11(§1) (— ;afl In|zy — &1l (z1)dzy + A(61)),
a(é1) 1

u(£1;72(£1)) = 2@2(51) - 2@2(51)(

The relations (17) are as a aystem of second Fredholm integral equations with regularized

- by
— = [ inler — &l (e1)dey + A(€2).

(with weak singularity) kernels for boundary values of main unknown function. For simplicity,
we can rewrite the relations (17) in the compact form:

by

u(€1,m(61)) = /[Hn(&,m)u(ma%(nl)) + Ha2(&1, m)uw(n, v2(m))ldm + f1(61),

@ (18)

u(é1,72(61)) = /[H21(§17771)U(771»71(771)) + Ha2 (&1, m)uw(n, v2(m))ldm + f2(61),

al

\
where Hy1,H19 ,Ho and Hyy are the kernels of integral terms over the interval [a;, b1] and f1(&1),
f2(&2) are given as follws:

by
a) i [In|r =&l (1)
2a1(61) 277/ a1(61) .

ai

J(X)U(z1 — &1, 20 — 11(61))dX

fi(&) =

F(X)U(z1 — &1, 20 — 72(61))dX,

|
e/
D

and
by
_al&) | i [lnfer = &Glof(@)
fal61) = 202(&1) * 27T/ az(&1) 1
+ [ FEOU @~ 6102~ 20(0))aX
D
a1(é1)
- Z FOOU (a1~ €1, 22— (€)X,

Remark 3.2. If we use the following changes is variables:

o u(&m(&) ([ Hu Hyo | fi(&)
ulbn) = ( u(ér, 72 (&) )’H(&’m) a ( Hy Hy )’F<§1) a ( fa(&1) >
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then we can rewrite relation (18) in matrixz form:

b1
(@) = F&) + [ H(&m)utm)dm.

By considering calculations and relations in Section 2, we result the following Theorem 1.1.
and by considering the regularization in section 3, Remark 3.1 and solving the algebraic system
(17) with Remark 3.2 we result the following Theorem 2.

4. MAIN RESULTS

Theorem 4.1. In the boundary value problem (1)-(2), suppose D C R? is a bounded domain
with Lyapunov boundary line, that is:

0D =T =T71UTl}y, :L‘gz’yk(xl) k=12

also a;(x1);1 = 1,2 and a(x1) are Holder functions and a(a1) = a(b1) = 0. Then every solution
of boundary value problem (1)-(2) satisfies in regularized relations (18).

Theorem 4.2. Under the hypothesis of Theorem 77, the boundary values of an unknown func-
tion w(&1,&2) of BVP (1)-(2) satisfy in the second kind Fredholm boundary integral equation:

b1
u(6e) = F&) + [ H(&wm)ulm)dn,
and its solution can be written as
b1
(@) = F(&) + [ Riga,n)Fom)dn,

where R(&1,m1) is a resolvent kernel of Fredholm integral equation and H(&1,m1) is a reqularized
kernel [19].

5. CONCLUSION

There are many different methods and several approaches to solving boundary value problems.
However, solving these problems are usually tricky. This article presents a new approach for
solving BVPs. According to this method, the given BVP to the second kind regularized Fredholm
boundary integral equations were reduced. In other words, for boundary values of unknown
function, a boundary integral equation which their kernels had no singularities were obtained.
By using these boundary values of unknown function and substituting them in the first case of
relation(5), an analytic solution for the given BVP (1)-(2)was obtained.
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